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Abstract 

We show that type I string theory compactified in four dimensions 
in the presence of constant internal magnetic fields possesses J\f = 1 
supersymmetric vacua, in which all Kahler class and complex structure 
closed string moduli are fixed. Furthermore, their values can be made 
arbitrarily large by a suitable tuning of the quantized magnetic fluxes. 
We present an explicit example for the toroidal compactification on 
and discuss Calabi-Yau generalizations. This mechanism can be com- 
plementary to other stabilization methods using closed string fluxes 
but has the advantage of having an exact string description and thus a 
validity away from the low-energy supergravity approximation. More- 
over, it can be easily implemented in constructions of string models 
based on intersecting Z?-branes. 



*On leave of absence from CPHT, Ecole Polytechnique, UMR du CNRS 7644. 



1 Introduction 



The problem of moduli stabilization in string compactifications is of great 
interest and significant progress has been made recently based on closed 
string fluxes ^ [2]. For instance, by a suitable choice of NS-NS (Neveu 
Schwarz - Neveu Schwarz) and R-R (Ramond - Ramond) 3-form fluxes, one 
can find M = 1 supersymmetric vacua where all complex structure moduli, 
as well as the dilaton, are fixed A disadvantage of the method is that 
there is no exact string description of such fluxes and thus the analysis is 
restricted to the lowest order in a' expansion, described by the effective 
field theory. Moreover, generalization of the stabilization mechanism to 
Kahler class moduli requires introduction of non-perturbative effects which 
are again treated in the low-energy supergravity approximation 0. 

In this work, we present an alternative mechanism of moduli stabilization 
based on open string constant magnetic backgrounds that have an exact 
description in string theory |1JEI- In fact, magnetic fluxes can be turned 
on in any 2-cycle of the internal compactification manifold. In the simplest 
case, magnetic backgrounds on (l,l)-cycles fix Kahler class moduli [H], while 
backgrounds on holomorphic (2,0)-cycles fix complex structure moduli. This 
is illustrated in a simple example of a toroidal compactification on T^, with 
a suitable choice of internal magnetic fields that must be turned on in several 
Cartan directions of the higher-dimensional (Z)9-brane) gauge group (such 
as 50(32)). In this example, we demonstrate that all closed string moduli, 
but the dilaton, can be fixed in a vacuum preserving M = 1 supersymmetry, 
in terms of the magnetic fluxes. 

There are three important ingredients in this stabilization mechanism. 
The first is the non linearity of the Dirac-Born-Infeld (DBI) action which al- 
lows to fix all Kahler class moduli, including the overall volume. The second 
is the fact that magnetized L'Q-branes in a six dimensional internal mani- 
fold induce partly negative five-brane tension, which makes possible tadpole 
cancellation in a supersymmetric configuration, without adding lower di- 
mensional Z)-branes or orientifold planes (such as D5 or 05). The third is 
the use of magnetic fluxes in non-diagonal directions of the internal space 
which allows to fix all non-diagonal components of the metric. For instance, 
in the particular example we present in this work, the metric is fixed to a 
completely diagonal form. It is also interesting to point out that despite the 
use of a' corrections (non- linear terms), it turns out that the moduli can be 
stabilized at arbitrarily large values by tuning appropriately the quantized 
magnetic fluxes. 

This mechanism can be obviously combined with the presence of closed 
type IIB string 3-form fluxes, allowing to fix the dilaton and the complex 
structure of more general compactification manifolds. It can also be easily 
implemented in constructions of string models based on D-branes at angles. 
Finally, it should be a priori possible to generalize it in order to stabilize 
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moduli in vacua with broken supersymmetry, following arguments similar 
to those of refs. ^ for 3-form fluxes. 

Our paper is organized as follows. In Section [21 we recall the main 
properties of the six-dimensional toroidal compactification and its moduli 
space [ZllHl- In Section |21 we consider open string propagation in the pres- 
ence of constant internal magnetic fields 4^ and summarize the conditions for 
unbroken supersymmetry. In Section^ we extract the equations that guar- 
antee the existence of one unbroken supersymmetry preserved by a stack of 
magnetized D9-branes 1^1 E| and study the conditions for which this super- 
symmetry is the same with the one preserved by lower dimensional D-branes. 
In Section we analyze the above conditions and show how the moduli can 
be stabilized by a suitable choice of several magnetic backgrounds in the 
Cartan subalgebra of the gauge group. We also study the tadpole cancel- 
lation conditions which are required for consistency of type I string vacua. 
In Sectional we come back to the toroidal compactification and present 
an explicit solution of the supersymmetry equations and tadpole cancella- 
tion conditions that fixes all Kahler class and complex structure moduli in 
terms of the magnetic fields. For completeness, we also give an explicit 
numerical solution in Appendix A. In Section [3 we show that the above 
solution can be appropriately "rescaled" to generate arbitrarily large values 
for the internal radii. Moreover, in Appendix B, we present a corresponding 
numerical example. In Section |HJ we describe the stabilization of the R-R 
moduli. In particular, we show that those complexifying the Kahler class 
metric deformations are stabilized by being absorbed in the (anomalous) 
magnetized U{1) gauge fields that become massive jlflj. Finally in Section 
IHl we discuss generalizations of the method to orbifolds and more general 
compactifications, the problem of fixing the dilaton and other concluding 
remarks. 

2 Torus compactification 
2.1 Parametrization of 

Consider a six-dimensional torus having six coordinates x*, yi with i = 
1, 2, 3 and periodicity normalized to unity = x'' + 1, yi = yi + 1 7\. We 
choose then the orientation 




A dys = 1 



(2.1) 
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and define the basis of tlie cohomology H (T , Z 

ao = dx^ A dx'^ A dx^ 



aij = ^eumdx^ A dx"^ A dyj (2.2) 
P'' = -^^''^dyiAdy^Adx^ 



/3° = dyiAdy2Ady3, 
forming a symplectic structure on T^: 



/ aaAp^ = -6i, ioi a,b = !,■■■ ,h3/2, (2.3) 

with /i3 = 20, the dimension of the cohomology H^{T^,Zi). 
We can also choose complex coordinates 

z'=x' + T^^yj, (2.4) 

where r*-' is a complex 3x3 matrix parametrizing the complex structure. 
In this basis, the cohomology H^(T^,7j) decomposes in four different co- 
homologies corresponding to the purely holomorphic parts and those with 
mixed indices: 

i^3(^^ z) = i^3•°(T^ z) e h'^'\t^, z) e i?^'2(r^ z) © i^°•3(T^ z). (2.5) 

The purely holomorphic cohomology H"^'^ is one-dimensional and is formed 
by the holomorphic three-form for which we choose the normalization 

n = dz^ A dz"^ A dz^ . (2.6) 

2.2 Moduli space 

Consider now the deformations Sgij, Sg^j of the flat metric on [S] . The 
purely holomorphic variation 5gij is parametrized by elements of the coho- 
mology H^'^. Indeed, one can represent the corresponding (2,1) deforma- 
tions as: 

XdKXii = -^^'"f.x-Q^ , o = l,...,/i2,i, (2.7) 

where /i2,i = dimiJ^'^. 

Next, we write the space of complex structures in terms of the periods of 
the holomorphic 3-form. Define the canonical homology basis {Aa,B^) dual 
to the basis of given in 1)2. 2|) by rewriting the symplectic structure 1)2. 3() 
as 

abAP"" = -6^ 
/3' A = 6i 





f 






[ (3' =■ 


f 
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The periods of the holomorphic 3-form are then defined as 

r"= / n. (2.8) 

JAa 

Comparing with the definition (|2.6() for 0,, we can identify the matrix ele- 
ments of r in the parametrization p.4|) of the complex basis with the periods 
of Q. The dimension of the space of complex structure moduli is then given 
by the dimension of the cohomology H^'^ on the torus T^, /i2,i = 9. 

On the other hand, the metric variation 5gj^j is parametrized by elements 
of the H^'^ cohomology 

J = idgfjdz' A dz~^ . (2.9) 
Let SA, A = 1, . . . , hi^i, be a basis of H^'^. In our case, one can choose: 

e^~^ = idz' A dz~^ , (2.10) 
so that the Kahler form can be parametrized as 

J = J^e^. (2.11) 

The elements J^j satisfy the reality condition jt = Jjj, implying that J 
depends on nine real parameters. They can be used to parametrize the 
space of Kahler deformations whose dimension is given by the dimension of 
the cohomology H^'^ on the torus T^, hi^i = 9. 



3 Type I string theory: Fluxes and conserved su- 
percharges 

3.1 Magnetic fluxes 

Consider a stack of N coincident D9 branes, giving rise to a U{N) J\f = 

4 supersymmetric gauge theory. Pick up a U{1) subgroup in the Cartan 
subalgebra of U [N) with gauge potential j4, and turn on a constant magnetic 
field. Thus, the corresponding field strength F^i is constant and Ak = 
~^F]^iu\ where u'' stands for all six coordinates of T^, x* and y*. This 
constant magnetic background couples to the boundary of the open string 
on the brane by quadratic terms in the world-sheet action S^s HI- The 
corresponding conformal field theory can therefore be solved exactly: 

S^ns = J^dtda{daXf'd''X^-ilPf^p''da^^) 

- I dtqLFu {x'^dtX' - ^^"VV') ^ (3.1) 



/ 



dtQRFu [ x^dtx' - ^V^VV 
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where ol is the Regge slope, '0'^ are the real Majorana fermionic superpart- 
ners of the coordinates and with a = 0, 1 are the two-dimensional 
gamma-matrices. The indices /c, I run over the magnetized dimensions k,l = 
4, • • • ,9, whereas the indices u run over all ten-dimensional spacetime co- 
ordinates /X, 1/ = 0, • • • , 9. The couplings of the left and right endpoints of 
the open string to the background are given by the corresponding charges 
QL and QR. 

The field F^i corresponds to a non trivial U{1) gauge bundle over the 
torus with transition function around the cycles u^- 

Akl,^, = {Ak-ie-">'dke"'') , = Fkiu' (3.2) 

with q = qL + Qr- Imposing the phase over each cycle n'^ to be single- valued 
leads to the usual Dirac quantization condition 

q ■ Fki = 2TTmki, V fc, / = 4, . . . , 9 , (3.3) 

where niki are integers corresponding to the first Chern class of the U{1) 
gauge bundle. We can extend this quantization condition by taking into ac- 
count the multiplicity Uki of the winding around the 2-cycles [n'^ju']. Equa- 
tion (|3.3j) is then modified as |12j : 

q. Fki = 271^^, yk,l = 4,...,9. (3.4) 

Finally, we can easily extend our analysis in the presence of a NS-NS in- 
field, which in type I compactifications has quantized values jllj . Its effect 
consists of replacing q - F hy q - F — B/{2Tra'). This amounts to shifting the 
integers rriki in the above quantization condition by rriki — bn/^i, where b is 
quantized and equals 1/2 or in the toroidal case [see eq. (|3.7|1 below]. 



3.2 Super symmetry 

The presence of constant internal magnetic fields generically breaks su- 
per symmetry by shifting the masses of the four dimensional scalar s and 
fermions |0. For suitable choice of the fluxes and moduli however, a four- 
dimensional supersymmetric theory can be recovered JOl- In this section, 
we analyze the conditions under which a supersymmetric vacuum can exist. 

Consider the supersymmetric D9 brane action of type IIB string the- 
ory P^ : 

V = Vdbi + Vwz , (3.5) 

where 

Vdbi = - [ [d^^X]e-''^ - det{g^, + T^,) (3.6) 
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is the Dirac-Born-Infeld (DBI) action extended in the superspace and Vwz 
is the corresponding Wess-Zumino (WZ) term, (p is the string dilaton and 
is the 2-form field strength: 

= 2ira'qF - B , (3.7) 

with F the usual field strength of the U (1) gauge field, F = dA, on the world- 
volume of the D-brane with charge q, whereas B is the 2-form potential of 
the NS-NS closed string sector. In the superspace formalism, the superspace 
forms may be expanded in terms of the basis 1-forms dZ^^ , or equivalently, 
in the inertial frame basis E"^ = dZ^^ E^, with E-^ being the supervielbein 
of type IIB supergravity. The basis E^ decomposes under the action of the 
Lorentz group into a Lorentz vector E"" and a Lorentz spinor E°'^. For type 
IIB superspace, the latter is a pair of Weyl Majorana spinors, 1 = 1,2. The 
metric in the DBI action is defined as 

ff^, = E';^Etijab ■ (3.8) 
The superspace extension of the Wess Zumino (WZ) action is similar 

Iwz= [ Ce^, (3.9) 



where C is a formal sum over the r-forms superspace potentials Cr- 

10 

C = J2Cr, (3.10) 

r=0 

with r even. 

The action (|3.5|) is invariant under the K-symmetry transformations: 

d^Z'^'Elj = 
5,Z^'Et, = [R{l + T)r 

6^A^ = E'^6^E''Bdc (3.11) 

6B = ^E^E''6^E^HcDA + d{E'^6^E^BcA) 

where k is a ten-dimensional Majorana- Weyl spinor parameter, is the 
gauge potential, and the 3-form Habc is the field strength of Bbc-, H = dB. 
Its non-zero elements are Hapc = i^^s i^c ^^^o ^ ) ' '^i^h Tc the spacetime 

gamma-matrices. The matrix F for a D9 brane, appearing in the second 
relation of (|3.11|) . is 

A — r ^ 1 

■p _ V 1^1 _J_^^^lIyl■■■^^nMn -p -p (r) 
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with 



r(ii) = -^—^e^^-^^^^,,...,,,, (3.13) 
10!Vl9l 

where = :^7[ii ' ' ' 7i„] denotes complete antisymmetrization of the 

corresponding gamma matrices, and the first term n = in the sum of 
(|3.12j) is reduced to J^^y Here, we denote \g\ = deig^u, \g + T\ = det((7^i, + 
^fj.v)-, i = 1,2,3 the usual Pauli matrices, and 7^ = E'^Ta- Therefore, 
the fraction of supersymmetry preserved by the 1)9 branes is given by the 
dimension of the space of solutions of : 

(l-r)e = 0, (3.14) 

where e is the spinorial spacetime supersymmetry parameter e = (€1,62)"^. 

On the other hand, considering the -D9 brane as a source in a supergrav- 
ity configuration, a supersymmetric vacuum asks for a second condition. 
The expectation value of a supersymmetry transformation of the gravitino 
must vanish in the the chosen background 

< 5,^^ >= , (3.15) 

which leads to the usual covariantly constant spinor equation 

V^e = 0. (3.16) 

The number of conserved supercharges in our magnetic background is then 
given by the dimension of the space of solutions of the covariantly constant 
spinors, satisfying: 

(l-r)e = 0. (3.17) 



4 Existence of supersymmetric vacuum 

In this section, we analyze the existence of solutions to the equations (|3.16j) 
and ()3.17() . corresponding to vacua with M = 1 supersymmetry in four 
dimensions, and discuss their properties. 

4.1 Solution to the supersymmetry condition 

We first decompose the spinor representation of S'0(l,9) under 50(1,3) 
SO (6) by defining the gamma-matrices: 

% = r^®l , /i = 0,...,3 (4.1) 
7fc = rW^Pfc , A: = 4,...,9, (4.2) 
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of 50(1,3) and 5*0(6), respectively. The chirality operators are defined as: 

r^'') = i7o7i7273 , r^*^) = ■i747576777879 , (4.3) 

and have both eigenvalues ±1. Under this decomposition, the Majorana- 
Weyl spinor e/, with 1 = 1,2, of 5*0(1, 9) can be written as 

4 
i=l 

where ■^'s and r/'s are, respectively, Weyl spinors of 50(1, 3) and 5*0(6) with 
positive chirality: 

r^^^V'i;/ = V'i;/ , r(6)r;i., = r?i;7 , (4.5) 

while the V*'s and ?7*'s are their complex conjugates with opposite chiral- 
ities. For a magnetic field background J- confined in the internal T^, the 
supersymmetry conditions (|3.16j) and (|3.17j) reduce to 

{l-T)rj = (4.6) 
Vr? = 0, (4.7) 

with 7] = (r/i;i,r/i;2)^- 

Consider now the case where there are only two covariantly constant 
spinors of 50(6), r/ and r/*, conjugate to each other and with opposite chi- 
rality, which satisfy equations ()4.6() and 1)4. 7() 9 . Using the complex basis 
(|2.1()j) for gamma- matrices, the condition (|4.7j) is then equivalent with the 
existence of a single holomorphic 3-form 17 and a single Kahler form J de- 
fined by: 

Ifjr] = iJfjrj 

lijkV = ^ijkV* ■ (4.8) 

Furthermore, the field strength splits in the complex basis in purely holo- 
morphic -^(2,0)) -^(0,2) mixed parts. Using 1)4. 8|) . one can then show 
that eq. (|4.6j) is equivalent to [0|: 

(iJ + J^f = e'<^y^\^^Ty\^ (4.9) 
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.F(2,o) = 0, (4.10) 

where Vg is the volume form of and is its metric. 

Eqs. ()4.9|) and ()4.1U|) impose that the magnetized D9 branes preserve 
J\f = 1 supersymmetry in four dimensions. In order to have more supersym- 
metries, extra conditions have to be imposed, related to the requirement of 
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existence of additional covariantly constant spinors satisfying ()4.6|) . besides 
the pair r] and r]*. 

Eq. (|4.9|) can be rewritten in the form: 

tane {J A J A J=' - J" A T A J") = J A J A J - J A T A T , (4.11) 

where the wedge product is defined with an imphcit normahzation factor 
1/A^!. Note that only the (1, l)-part of J- appears in this formula. Formally, 
(|4.11() can be also written as 

Im (^e^''^^*) = , (4.12) 

with 

^ = {iJ + J^)A{iJ + J')A{iJ + J^). (4.13) 
The constant phase 6 remains so far an unconstrained parameter. 

4.2 ^-parameter and conserved supercharges. 

Let us discuss now the set of 0-angles for which the supersymmetry pre- 
served by the magnetized D9 branes is the same with the one preserved 
by lower dimensional branes or orientifold planes Op with p < 9. The rea- 
son is that the presence of such objects is in general necessary for tadpole 
cancellation ^S], as we will see in the next section. 

Choosing a basis on the torus where the Kahler form J^j and the 
background field strength are simultaneously diagonal Jjj = S^j and J^^j = 
fi ■ 5fj, with (5 = I3 (g) i(T2, Jfj = Jj^, !Ffj = one can express the field 
strength components fi in terms of the T-dual angles (pi of wrapped D6 
branes in the i-th two-torus: 

tanipi = fi. (4.14) 
The condition 1)4.11(1 for a supersymmetric vacuum then reads: 

i 

Moreover, the supersymmetry transformation parameter preserved by the 
magnetized -09 branes has to satisfy 

e2 = r0...rV.F)ei, (4.16) 

where p{J-) is the spinorial representation of the action of the magnetic 
fluxes and equals a phase, p{!F) = e'^*'^\ 

Let us examine now the fraction of supersymmetry preserved by orien- 
tifold planes. Consider first the case of 03 planes [0], defined by the space of 
fixed points of the orientifold action, which combines the world-sheet parity 
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with the usual parity in the six internal dimensions. The invariant super- 
symmetry transformation parameter under the orientifold action satisfies 
the equation: 

e2 = r4---r9ei. (4.17) 

This condition, combined with the fraction (|4.16|) of the supersymmetry 
conserved by the magnetized D9 branes gives rise to 

piJ^)m = -ivi , (4.18) 

where we used the decomposition (|4.4() of the ten-dimensional spinor rep- 
resentation. Comparing it with (|4.15|) . we find that the same fraction of 
supersymmetry can be preserved in the vacuum if the ^-angle vanishes, 

0O3 = 0. 

Let us repeat now the argument for 09-planes. An 09 is the fixed 
plane of the world-sheet parity, and therefore the invariant supersymmetry 
parameter e/ should satisfy 

62 = ei . (4.19) 
This condition is compatible with eq. (|4.1H|) for 

ei = p(jr)r(")ei. (4.20) 

Using again eq. ()4.15|) and choosing the chirality of the supersymmetry pa- 
rameter in type IIB theory to be positive, we get from l|4.20j) and (|4.15|) the 
condition on the 0-angle, 9o9 = 

A similar analysis shows that the presence of (unmagnetized) D5 branes 
or 05 planes is compatible with the choice for the 0-angle, 609 = ~f j while 
the presence of D7 branes and 07 planes is compatible with the choice of 
the 0-angle for 03 planes, 603 = 0. 

5 Moduli stabilization 

Following our analysis of eqs. (|4.1U|) and (|4.11|) . we have seen that a sin- 
gle magnetized D9 brane stack preserves Af = 1 supersymmetry in four 
dimensions for a restricted closed string moduli space. As we see below, 
if we introduce several magnetic fluxes in the world-volume of different D9 
branes, it will be possible to fix completely all moduli but the dilaton. 

5.1 Example: Orthogonal Torus 

Before proceeding with the analysis of equations (|4.9|) and (|4.1()j) , we consider 
for illustration a simple example of a compactification on a factorized four- 
dimensional orthogonal torus = (T^)^. Thus, the non diagonal part of 
the Kahler form and complex structure r-matrix, as well as the real part 
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of the diagonal elements th, i = 1,2 are set equal to zero. The remaining 
moduli are given by the two volumes 

Jl = 4tt'^RiR2 , J2 = Att'^RzRa (5.1) 
and the corresponding shapes 

.R2 .Ra 

ni = , T22 = i-^, (5.2) 

Hi its 

where R^, k = 1,...4 are the four radii: Xi = xi + 27ri?2i-i and yi = 
Di + 27ri?2i; with i = 1,2. Following the Dirac quantization condition, the 
magnetic fields introduced in any 2-cycle of are quantized as follows: 

Hki = 27rQ — = — — =: Pkl-^-^ , Pkl ^ Q , (5.3) 

where Vki = Air'^RkRi is the area of the 2-cycle. 

Consider now a D9 brane coupling to the magnetic field F which is 
switched on only in the two diagonal T^-directions F = {Fx^y^, -Px2j/2)- This 
magnetized brane preserves = 1 supersymmetry in d = 6 dimensions, 
when one of the scalars coming from the d = 10 vector multiplet gets zero 
mass jni- The corresponding fluxes then satisfy = \Hx2y2\- This 

condition can be understood as a condition on the Kahler form: 

J2 Jl 

On the other hand, if the field F is switched on in the directions F = 
{Fxiy2iFx2y\)i if preserves M = 1 supersymmetry in d = 6 when l-ff^iyal = 
\Hx2yx\i which can now be understood as a condition on the complex struc- 
ture moduli: 

Pxiy2Tll = ±Px2yi'^22 ■ (5.5) 

Finally, if the D9 brane couples to a magnetic field F = {Fxj^x2j Pyiy2)j the 
Af = 1 supersymmetry in d = 6 dimensions is recovered for \Hx^x2 1 = l-f^?/i?/2 1> 
which can also be written as a condition on the complex structure moduli: 

Pa;iX2niT22 = ^Pyiy2 ■ (5-6) 

The D9 brane action in the background given in ()5.4() reads 

S = -f T,y^\^TH\ - fig [ Ce^. (5.7) 

JMio J Mio 

Tp and fip are the respective tension and R-R charge of a Dp brane: 

_ 1 {a')-"-^ 

^^"^ (27r)P ' ^'p-dsTp, (5.8) 
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where =< e"^ > is the string couphng, normahzed so that for a brane 
Qs = 2a, with a the usual 4d gauge couphng. 

After compactification to d = 6 dimensions on the torus T'^, the action 
(|5.7() becomes for a supersymmetric configuration: 

S = - [ (Tg^ + ZigCio) (5.9) 

JMio 

- (TsV^e I"iim2| + /i5"T'im2C6), (5.10) 

where we denote mj = m^jj/^ and rii = rix^y^. We therefore see that the 
magnetized D9 brane mimics the behavior of a D5 brane or a D5 anti- 
brane, depending on the sign of niim2 ^01 • We therefore have to introduce 
05 or 05 planes in order to cancel the induced tadpole. The cases where 
the fluxes satisfy 1)5. 5() or 1)5. 6|) give similar results. 

Let us consider now the compactification on a six-dimensional factorized 
orthogonal torus = (T^)^ with moduh Jj = 47r^i?2i- 1-^21 and tu = i 
for i = 1,2, 3. The M = 1 supersymmetry condition for a D9 brane coupled 
to a magnetic field F = [Fx^yj^, Fx2y2, Fx^y^) can be deduced for example 
from the T-dual picture as a condition on the angles (pi = arctan Hx^y^ : 

\v>i\ + \V2\ - l^sl = 0. (5.11) 
This relation can be written in terms of the magnetic fluxes as 

+ \Hx2y2\ ~ l-^x^ysl = ~ l-f^xij/i -f^Z2j/2 -^a:3?/3 I ' (5.12) 

when the wrapping numbers are positive, corresponding to the absence of 
antibranes, or equivalently to angles \ipi\ G [0, 7r/2]. By the use of the Dirac 
quantization 1)5. 3|) . this condition can also be understood as a condition on 
the Kahler moduli. 

In the above supersymmetric vacuum, the square root in the DBI action 
simplifies: 

VdBI = - 79^/gJ(l - {Hxj^yj^Hx^yil + \Hx2y2Hx3yi\ + I -f^xryi -f^xgys | ) • 

Thus, in this configuration, charges and tensions are induced in all three 
2-cycles [xi,yi], i = 1,2, 3. However, unlike the case (|5.10|) . negative ten- 
sion is induced in the 2-cycle [x3,y3]. This is important for making possible 
induced 5-brane tadpole cancellation in a supersymmetric configuration in- 
volving only magnetized -D9 branes, i.e. in the absence of (anti-) Df) branes 
and 05 planes, as it will become clear below. 
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5.2 Conditions for M = 1 supersymmetry 

Here, we perform a general study of eqs. (|4.9|) and (|4.1fl|) . that can be inter- 
preted as conditions for fixing the moduh in terms of the magnetic fluxes. 
For that, we consider K stacks of Na D9 branes, with a = 1, ■ ■ ■ , K . Fur- 
thermore, we introduce on each stack a background magnetic field with con- 
stant field strength on the corresponding world- volume and charge Qa- 
The magnetic fields are separately quantized, following the Dirac condition 

q^F^^ = 27, ■^^2Ti- pli , pt^eQ ,a =!,■■■ ,K. (5.13) 

Written in the complex coordinates (|2.4j) . the field strength decomposes 
in a purely holomorphic and mixed part: 

^(2,0) = Mr - f)-^\r'^pl,T - r'^ply - p^^T + p^y] (r - f)-^ (5.14) 
F^^^^^ = 27r(T - f )-i^[-t^p2xT + r^P^y + P^.f - p^^^T - f)-\5.15) 

where the matrices {pxx)ijj ip%y)ij ^'^^ ^Pyy)v enter in the quantized field 
strength 1)5. 13(1 in the directions {x'\x^), {x^,y^) and {y^,y^), respectively. 
Note that F^^ and F^^ are 3x3 matrices that correspond to the upper 
half of the matrix J^"". 



^" = -2W( ^"J^'^ ], (5.16) 




which is the modified field strength in the cohomology basis e^j defined in 
(j2.1()j) . The supersymmetry conditions for each stack read: 

^(2,0) = , a = lr-- ,K (5.17) 
{iJ + J^^'f = e*^Vl5 + -5^1 , a = l,-- - ,K. (5.18) 

All 9a s have to be the same in order to preserve the same supersymmetry. 
We then have either 9a = 0, oi 6a = —-^ ^ a. Using eq. (|5.14j) . the first 
condition (|5.17|) can be seen as a restriction on the parameters of the complex 
structure matrix elements r: 

r^Pxxr-r^p'iy-PyxT + ply = 0. (5.19) 

The second set of conditions (|5.18|1 gives, for fixed fluxes, restrictions on the 
Kahler parameters. Given the parametrization of the Kahler form (|2.11|) . 
these conditions read: 

tan^ (J A J A J^'' - J^'' A J^" A J^") = J A J A J - J A J^" A J^" . (5.20) 



14 



For vanishing purely holomorphic field strength imposed by (|5.19|1 . the ex- 
pression for T reduces to the matrix 

•^"=(A ^o") ' >^'^ = ^(2vr)Vlmr'i^(p^,-r^py . (5.21) 
This splits in the real and imaginary parts: 

^^ya ^ (^a^ _ Rer^p"^) , (5.22) 

l^ya = J^Ill^pa^, (5.23) 

Inspection of eqs. (|5.19|) and (|5.2n|) shows that for each stack of magne- 
tized D9 branes, we have up to three complex conditions for the moduli of 
the complex structure, depending on the directions in which the fluxes are 
switched on, whereas only one complex condition can be set on the Kahler 
moduli. Therefore, to fix all Kahler moduli, we must add more stacks of 
branes compared to the ones needed to fix the same number of complex 
structure moduli. 



5.3 Tadpole conditions 

The last information we need for a consistent setup is the number and loca- 
tion of lower dimensional objects, such as (anti-) D-branes or (anti-) orien- 
tifold planes, in order to cancel the tadpoles induced by the fluxes. In the 
case where the supersymmetry conditions (|4.10p and 1)4. llj) are satisfied, the 
DBI and WZ actions read: 

K I- 

VdBI = -Tg V Na / V\9 + ^\ 
a=l JmI^ 

a=l -^^4 JMt 
= TgS^Na f \/\gI\ [ { sm9a{J AJ AJ - J a:F'' AJ^^) 

+ cos OaiJ AJ AT^ - AT" A T") | (5.24) 
K 

Vwz = -/igV Na / Ce^" 

a=l -^Mto 

= -fig V iVa / {cio + CsA T'' (5.25) 

a=l J^li^ ^ 

+C6 AT" AT"" ^C^AT"" AT" AT"\ , 
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where the integral over the manifold Mq takes into account the winding 
numbers riki of the different branes. 

One can easily recognize in the above expressions the various tadpoles 
induced by the magnetic background fluxes. They correspond in the respec- 
tive order to 10, 8, 6 and 4 dimensional spacetime filling tadpoles. In a 
consistent compactification, the introduction of Dp branes (or Op planes) 
with p = 3, 5, 7, 9 is then in general needed in order to cancel them term 
by term. This is however not possible in a supersymmetric configuration, 
because the simultaneous presence of Dp and D{p + 2) branes (as well as Op 
and 0{p + 2) planes) would break all supersymmetries. Thus, supersymme- 
try can be preserved only for the special values of the angles 9a discussed in 
the previous section, namely 6a = and 6a = 

Indeed, when 6a = — ^, the magnetized D9 branes preserve the same 
supersymmetry as 09 planes and the DBI action reads 

Vdbi = -TgJ2^a f V\9^\ f (J A J A J - J A .^'^ A .F°) (5.26) 

a=i 

Vwz =-M9VA^a/" jcio + CsA.F^A.F'^)), (5.27) 

a=l -^-^w J 

where in the last equation we assumed that the magnetized abelian gen- 
erators are embedded in higher dimensional non-abelian groups and are 
traceless. 

It is now convenient to consider a real basis oJr of H'^(T^), with r = 
1, • • • , /i2, in which the quantization condition (|5.13|) for the magnetic fluxes 
reads: 

1 777 ^ 

-qaF? = ^ = • (5.28) 

We also define the quantity 

Krst = / cjf. A A (5.29) 

which is a sign, following the orientation chosen in (|2.1j) . The 9-brane R-R 
charge, gg^ij, coming from the first term of (|5.27|) . reads 

K 

19,R = 2^ ^« /C,,tn»« , (5.30) 

a=l r,s,t 

while the corresponding contribution to the tension, Qq^nS: which comes 
from the first term of 1)5.26(1 . equals: 

K 

Q9,NS = Y^^Na |/C,,tnX<l • (5.31) 

a=l r,s,t 
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Since we start with type I string theory with an 09 plane carrying 16 units 
of R-R charge and tension, the R-R tadpole cancellation condition implies 
qg^n = 16, while supersymmetry imposes that ICrstnrn^ni is positive: 

g9,R = 16 ; /Crst<« > . Va = 1,...,K. (5.32) 

The second set of conditions comes from the induced 5-brane R-R charges 
and tensions, emerging from the second term of eqs. (|5.27|) and (|5.26|) . For 
each 2-cycle Cr^^ of the torus T^, they are given by ql^ ^ and qljsfs^ respec- 
tively: 

K K 
iIr = E E n»,« =: J2 , (5.33) 

a=l s,t a=l 
K 

qIns =- E E ^"^l-^-i^K"^* ; Vr = I,--- ,/i2. (5.34) 

a=l s,t 

To simplify our analysis, we will restrict ourselves to the "standard" case 
with ICrst nf: > for any choice of 2-cycles r, s and t. This amounts to 
considering angles < 7r/2, or equivalently imposing the absence of anti- 
branes. Then, the induced tensions (75^5 and charges q^ have opposite 
signs, implying that we have to add D5 branes and/or 05 planes in order 
to cancel the induced tadpoles. But then, such a configuration would break 
all super symmetries. It follows that the total 5-brane tadpole contribution 
must vanish for any 2-cycle r: 

qlR = , Vr = 1, • • • , /i2 . (5.35) 

As a result, we will impose the R-R tadpole cancellation conditions 1)5.32(1 
and ()5.35|) : qg^R = 16 and = 0, together with the supersymmetry 
constraints (|5.17|) or equivalently H5.19() . and 

JF'^ A J A J = J^'^ A J^'' A J^", a=l,...,K, (5.36) 

or equivalently J2i V? = (mod 2it), for any magnetized D9 brane stack a, 
in the diagonal basis of section 4.2. 

Furthermore, a condition of positivity for the real part of defined in 
eq. ()4.13|) has to be satisfied for each a, as it corresponds to the modified 
world-volume element of each separate brane stack: 

Re(e"*^»$a) > 0, ya = l,---,K, (5.37) 

with 

$a = {iJ + T") A (iJ + T") A (i J + J"") . (5.38) 
For 6a = — vr/2, it reduces to the condition: 

J A J AJ - J AJ"" AJ"" > 0, (5.39) 
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which is equivalent to the positivity of the DBI lagrangian. 

A similar analysis can be done for the choice of the angles 9a = 0, 
where the magnetized D9 branes preserve the same supersymmetry as 03 
planes. This case can be obtained by T-duality from the above analysis, in 
a straightforward way. The role of and are then interchanged and 
the induced 5-brane R-R charge and tension is replaced by 7-brane ones. 



6 Explicit example with magnetized D9 branes 

In this section, we present an explicit example of a toroidal model, where 
both complex structure and Kahler class moduli are completely fixed in 
terms of specific choices for magnetic fluxes. Using the counting of conditions 
we presented in section 5.2, one has to introduce at least five brane stacks 
in order to fix all moduli. The model we describe below has instead nine 
stacks of branes with fluxes in different directions on their world- volume and 
9"" = — ^. This corresponds to a type I string theory with constant internal 
magnetic fields on D9 branes. 



6.1 Complex structure moduli stabilization 

The choice for the fluxes in the world-volume of the different magnetized 
D9 branes is given in Table 1. Following the Dirac quantization (|5.13|) and 
the condition (|5.17j) , the first three stacks of branes fix all complex structure 
moduli but ri2. The diagonal elements are given by: 

Plivi'^n = pl2yi'^22 , pl^y^rn = pi^y^m , pl^^^TnT22 = -p^^y^ (6.1) 

These conditions on the complex structure reproduce the results described 
in eqs (|5.5() and 1)5. 6|) . They can be written as 

. n r- .Vhh .Vhh 

Til = Wh ■ h , T22 = I — -, , Tss = I — , (6.2) 

ki k2 

where ki are the rational numbers 

k, = ^ , k2 = ^ , k, = 4^. (6.3) 

Pxiy2 Pxiys PxiX2 

Moreover, all but ri2 off-diagonal elements vanish: Tij = 0. 

The last three stacks introduce new conditions on the complex moduli: 



■I. ■ n. — T - Vkike 

Til = iKsW — , T22= «VM • kg , r33 = Z ; , (6.4) 

V ^4 ke 



where h are the ratios: 



k, = ^,k, = ^, ke = ^. (6.5) 

Px2X3 PxiX3 Px2yi 
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Stackd 


Fluxes 


Fixed moduli 


5 — brane localization 




\ a;ij/2' X2yiJ 


T31 = T32 = 


[3^3,2/3] 


P 




T21 = T23 = 

2 2 

^33^x3 J/i 


[a^2) 2/2] 






ri3 = 
riir22 = 

'^^12:2 


[2:3,2/3] 






ri2 =0 




P 






[X2,y2] 








[xi,yi] 



Table 1: Fixed complex structure moduli for each magnetized stack [| of 
Z)9 branes depending on the quantized fluxes. The last column gives the 

(2^ 

localization on the 2-cycles Cr , with r = [xi,yi], of the induced 5-brane 
charges, following section EIHl 
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Furthermore, they impose the vanishing of T12 = 0. Compatibihty of the 
new conditions ()6.4() with those of eq. H6.2|) imposes that the choice of fluxes 
is constrained to 





> \kb\ = 




, \ke\ = 


k2 


k2 




k2 




ki 



(6.6) 



6.2 Kahler class moduli stabilization 

From the final form of the complex structure fixed to a diagonal purely 
imaginary matrix H6.2() . we can write the -^(1,1) part of the field strength as 
the matrix (|5.21j) with 

y'' = -i^^^^{P%.-r-Vy.). (6.7) 

while the Kahler class is subject to the supersymmetry condition (|5.36j) . Let 
us denote for definiteness the volume of the 4-cycles, corresponding to J A J, 
as 

(J A J)- = V- , (6.8) 

where the indices i,j correspond to the (l,l)-cycle perpendicular to the 
given 4-cycle. 

In the above notation, the fluxes introduced in the world-volume of the 
stacks ttl; tt2 and flG contribute only to the real part of the complexified field 
strength Using then the reality condition for the corresponding field 

strength J^f^ = J^*-^, one finds that the supersymmetry condition (|5.36|1 on 
the Kahler modufi leads to: 

V^2 - % = , Fi3 - 1^31 = , V21 - F32 = 0. (6.9) 

On the other hand, the magnetic fluxes on the stacks (13, [14 and [15 contribute 
only to the imaginary part of .^(1,1), and the condition (|5.36j) on the Kahler 
moduli imposes: 

V12 + V2i = ^ , 1^3 + V3i = , V2-3 + F32 = 0. (6.10) 

Thus, all together, the conditions ()6.9() and (|6.10|) give: 

Vjj = , or equivalently J^j = \/ i ^ j . (6-11) 

It follows that only three Kahler parameters remain unfixed, corresponding 
to the diagonal part of the Kahler form. We must therefore introduce some 
new stacks of branes which add new conditions on the Kahler parameters, 
but preserve the values of the complex structure found previously. 

One possibility is displayed in Table 2. The last three sets of fluxes 



20 



Stackjj 


Fluxes 


DSbranes localization 


tt7 




[xi,yi] 

[X2,y2\ 

[''^3 5 ys\ 






[xi,yi] 
[3^2,2/2] 
[2;3,2/3] 


P 




^2,2/2] 
^3,2/3] 



Table 2: Additional stacks of magnetized D9 branes allowing the stabiliza- 
tion of the diagonal part of the Kahler form. The last column gives the 

(2) 

localization on the 2-cycles Cr , with r = [xi, yi] , of the induced 5-brane 
charges, as explained in section EH 



introduced in the stacks '^7, (18 and p give the following restrictions on the 
diagonal part of the Kahler form: 

n H \ I J2J3 \ I TlTlTl \ 

Ti n n W Jih\ = \ nnn . (6.12) 

Here, we denote the Kahler moduli Jxiyi = Ji and the diagonal part of 
fluxes, which are purely real, by J'xtyi — -^i- The solution of this linear 
equation is constrained to positive values for the moduli Jj, i = 1,2,3, as 
they represent the volumes of the corresponding 2-cycles [xi,yi]. 



6.3 Consistency conditions 

We have seen above that the introduction of nine magnetized stacks of D9 
branes allows us to stabilize the complex structure and Kahler class T^- 
metric deformations to three factorized orthogonal tori T^: 

. /- — — .Vhh .Vhh 

Til =iyki-k^ , T22 = I -, , = I , Tij = (6.13) 

ki k2 

This solution is acceptable only if the following three additional restrictions 
are fulfilled: 

• In each two-torus T^, the complex structure describes the shape of the 
torus, 

r = l^e^^ (6.14) 
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where Ri^2 Si.ve the two radii and if is the opening angle of the 
relative to the horizontal axis, with < (/? < vr. A purely real complex 
structure would correspond to the degenerate case and makes therefore 
no sense. From eq. ()6.13() . we get: 

ki>0 , \/i = 1,2,3. (6.15) 

Then, once the fluxes on the three first three stacks are chosen, the 
conditions (|6.6|) restrict the fluxes that can be switched on in the next 
three stacks, since ki, i = 4,5,6, are determined. Moreover, a similar 
positivity argument based on (|6.4() implies that ki are also positive for 
i = 4,5,6: 

ki>0 , \/i = 4,5,6. (6.16) 

The Kahler forms describing the volume of T^'s must be real and 
positive: 

Ji = Jx,y, >0 , Vi = l,2,3. (6.17) 

The real part of the six-form i<I>" defined in (|5.38)) is a volume form for 
every stack of branes and must therefore be positive, as displayed in 
eq. (jOII|) : JA JA J- JAJ^'* > for ah a = 1, . . . , 9. Consider the 
example of the first stack. Here, the only non vanishing component of 
the expression (|5.39() is written as: 

JxiyiJx2y2'^Xiy3, ~^ '^Xiyi-F xiy2-^ X2yi ^ 0. (6.18) 

From the restriction 1)6. 15() . we find that the product of fiuxespaj^yjPi^jj/i 
is positive. From the restriction (|6.17|) . the Kahler forms Jxiyi are also 
positive and the condition 1)6. 18(1 is therefore trivially satisfied. This 
argument can be similarly applied for all the first six stacks, but the 
situation is different for the last three stacks of branes, where we have 
switched on fiuxes in the three 2-cycles i = 1,2,3. The condi- 

tion (|5.39|) can now be written as: 

1 - H\Hl - H\Hl - HlHl > , 6 = 7, 8, 9 , 

where we defined the magnetic fields = . Using the supersym- 
metry condition 1)5. 36() . 

Hl + Hl + Hl = HlHlHl , 6 = 7,8,9, (6.19) 

we get for instance (for ^ 0) 

-{l + {Hlf)>Q, (6.20) 



m 



'3 

which leads to the conditions on the fluxes: 
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6.4 Tadpoles 



Above, we found a set of consistency conditions which restrict the aUowed 
choice of background fluxes. They came from the geometrical character of 
the complex structure and Kahler class moduli, as well as from the positivity 
of the modified volume forms Yie{i^a)- A second set of restrictions comes 
from the tadpole cancellation, which we examine here. 

The nine stacks of magnetized D9 branes induce 5-brane R-R charges 
as well as NS-NS tensions in the three 2-cycles r = [xi,yi], i = 1,2,3, 
given by the eqs. (|5.33j) and (|5.34|) . As we argued in section 5.3, the absence 
of anti-branes implies that the winding numbers are positive and the total 
R-R 5-brane charge must vanish: 

9 
a=l 

where 

q''r=Y. ^rstn»? = ICrstKKn^PsPt , a = l,...,K = 9. (6.23) 

st st 

Moreover, the tadpole cancellation for the 9-brane R-R charge qg^R of eq. (|5.3fl|l 
and tension leads to qg^R = 16 and the winding number positivity condition 
lCrstn1:n'^n1 > 0, as displayed in eq. ()5.32|) . 

Let us analyze first the contributions of the first six stacks to (|6.22|) . 
Following our choice for the magnetic fluxes, the tadpoles are induced only 
in one of the three 2-cycles [xi,yi], as presented in Table 1. On the other 
hand, the positivity conditions 1)6. 15() and (|6.16() on the first six stacks of 
magnetized D9 branes restrict the sign of the product of fluxes p^Pt > 0) 
6 = 1, . . . , 6. All charges are therefore given by = lCrst'n^r'^\n\p\p\, and 
are positive, following (|5.32|) . 

The contributions of the last three stacks of branes must therefore cancel 
the positive charges q^ induced by the first six stacks. In this case, the fluxes 
are switched on in the three 2-cycles [a;,, y^], i = 1, 2, 3, and therefore tadpoles 
are induced in all these 2-cycles. Furthermore, the positivity condition 1)6.21(1 
reduces the possible signs of the induced R-R 5-brane charges g[' , . As the 
components Jxiyi of the Kahler form have to be positive from the consistency 
requirement (|6.17|) . a necessary condition for ()6.21|) to be satisfied is to use 
different signs for the fluxes. There are indeed three possibilities: 

sign(pS,j;J = s\gn{p%^y^) / sign(p^3^3) 

sign(pSij/J / s\g-a{p%^y^) = sigD.{p%.^y.^) ; c = 7, 8, 9 . (6.24) 
sign(pS,j^J = s\gn{p%.^y^) / sign{p%^y^) 

Using (|6.23|) and the positivity condition (|5.32() . the signs of the 5-brane 
charges q? , are given by: 

sign(g[^,,j^^]) = s\gn{pl^y^p%^y^), i^j^k^i , c = 7, 8, 9 . (6.25) 
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We therefore notice that if we switch on fluxes in all 2-cycles \xi , y,] , two 
of the induced charges q? , , contribute negatively to the tadpoles whereas 
only one contributes positively. On the other hand, if one of the fluxes p^^y. 
vanishes, the only tadpole contribution is precisely qf i, which has to be 
negative, because of the supersymmetry condition 1)5. 36() . Thus, in both 
cases, we see that the 5-brane charges induced by the last three stacks can 
in principe cancel the positive contribution of the first six stacks. Finally, 
the 9-brane charge qg^R (|5.3flj) receives only positive contributions from the 
brane wrapping numbers and the tadpole cancellation condition (|5.32() 
can be easily satisfied. In Appendix A, we give an explicit numerical example 
where this is indeed realized. 

7 Large dimensions 

We have seen above that there exist configurations of magnetized D9 branes 
which lead to M = 1 supersymmetric vacua in d = 4 dimensions with all 
moduli fixed to the geometry of three factorized orthogonal torii. The non- 
vanishing complex structure matrix elements correspond then to the ratio 
of the radii within each of the three 2-cycles, th = i ^ , whereas the 

Kahler class moduli describe their volumes, Jj = 47r^i?2i-i-R2j- The latter 
are functions of the fluxes switched on in the last three stacks of branes. 
On the contrary, the values of the complex structure moduli are determined 
only by the fluxes introduced in the world-volume of the first six stacks. 
Here, we analyze the possibility of inducing a hierarchy between the string 
length Is = \fa' and the values of the radii . 

To this end, let us consider the generic configuration (|6.12|) written in the 
real basis j;,, yj, i = 1, 2, 3, with given fluxes v'x^y. such that = Air'^a'p'^.y., 
c = 7, 8, 9. Moreover, we start from some given solution of the system that 
leads to a consistent stabilization of the Kahler moduli, of order say a' . This 
means that there are some positive {Ji,J2i-h) which solve the equations 
(|(i.l2j) . while the induced 5-brane tadpoles in the three 2-cycles [xi,yi]: 

%^i,yA \ ( mlml m^m^ \ / ^7 \ 

1{x2,y2\ I = I rnlml mfml mim^ ) ( ^® ) ^^'^"^ 
Qlxsm] / V "^i"^2 nT'i^l m\m\ J \ Ng J 

are negative, and can be cancelled by the charges induced by the first six 
stacks. Here, we defined qr = ^^=7 ^aQr^ = rn'^.y., and we have chosen 
for simplicity all winding numbers equal to one, n°;..y. = 1 for a = 7, 8, 9, so 
that the flux quanta become equal to m'j:. 

Let us now rescale the three fluxes in the direction [xi, yi] by a factor A. 
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The conditions (16.121) on the Kahler moduh become 



Ti nW 44 = ^n^in 1 > (7.2) 

KTl Tl Tlj\ 44 j \ kTlTin 

which have obviously as solution the rescaled Kahler form J^: 

J^ = (AJi,J2,J3). (7.3) 

Thus, we have triggered a hierarchy between the first component J\ of the 
Kahler form and a' by a factor A, given by the corresponding rescaling of 
the fluxes m\ — > m^'"^ = hjn\ switched on in the 2-cycle [xi,yi] of the first 
torus, for the three stacks of branes c = 7, 8, 9. In this example, the other 
components of the Kahler form remain at their original values, of order a'. 

The rescaling of the flux quanta induces also a rescaling of the 5-brane 
charges ()7.1|) : 

V lk,y,] I V H-^,y3] ) 
This contribution must be cancelled by an appropriate rescaling of the fluxes 
introduced in the first six stacks. For simplicity, we consider the case where 
the ratio of the radii within each R2i/R2i-i = —iTa remains of order one. 
The ratio of fluxes in each stack must therefore be of order unity, A:a ~ 1 
for a = 1, ... ,6. Choosing all non-trivial winding numbers equal to one, 
fCrst^r = 1, we get that the corresponding induced 5-brane charges (|6.23j) 
are given by: 



E 

a=l 



( 



^[xi,yi\ 

^[x2,y2] 
a, A 

'[X3,y3] 



N2 (ml'f^s ) ^ + iVs ("ix'izs ] 

XlX2, 









^(I[x2,y2] 1 




\ ^1[x3„yA I 



(7.5) 
w. 

Indeed, the second part of eq. 1)7. 5(1 follows from the 5-brane tadpole 



where m"'^ denote the rescaled magnetic fluxes, that we determine now 



cancellation condition (|6.22j) . It can be satisfied, if the fluxes of the stacks 
til, ^2, jJ3 and jl5 are rescaled as: 



x\y2 — V^"2-xiy2 ' '^^Wi ~ "^^"^xij/a ' 

(7.6) 

xxX2 — ^J~^'^x\X2 ' ^^2:1x3 = ^J'^'f^xxx-i 1 



while keeping the corresponding ratios ka-, for a = 1, ... ,6, fixed (of order 
unity). Moreover, the fluxes in the stacks jl4 and (j6 remain unchanged. An 
explicit numerical example is presented in Appendix^ It follows that there 
is an infinite but discrete class of supersymmetric solutions, where some radii 
can be made arbitrarily large. 
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8 Stabilization of the R-R moduli 



We have shown above that it is possible to fix all Kahler and complex struc- 
ture moduli in a consistent toroidal compactification with magnetic fluxes, 
preserving J\f = 1 supersymmetry in four dimensions. We want now to ad- 
dress the question of stabilization of the R-R moduli coming from the R-R 
2-form. Recall that in the type I framework we work, the only R-R po- 
tential of type IIB string theory which survives the orientifold projection is 
the 2-form C2. Upon toroidal compactification from ten to four dimensions, 
it gives rise to = 15 massless scalars Cmn, with m, n = 4, . . . , 9. Nine 
of them complexify the Kahler form J, whereas the remaining six form 3 
additional complex scalars. 

In a general magnetic background, we have shown that the Kahler moduli 
get fixed. Since the new vacuum preserves N = 1 supersymmetry, the real 
part of the Kahler moduli formed by the corresponding nine components 
of the R-R 2-form should be fixed, as well. To describe the stabilization 
mechanism, we remind first some properties of C2. In the low energy effective 
action of the N = 1, d = 10 type I string theory, the field strength H^, of 
the C2 potential, = dC2, gets modified by a Chern-Simons (CS) term 
coming from the gauge sector: 

1 r e^'^ 
Sci = irT- / e-^-^C-i?* 1 + 4# A - —#3 A *H.,) , (8.1) 

where k\q = |(27r)'^Q'^ and 

a' 2i 
H3 = dC2 - jTr(^ AdA- jAaAaA) (8.2) 

with A the gauge potential. Note that C2 appears in the action 1)8.1(1 only 
through derivatives, as expected. In fact, upon compactification in four di- 
mensions, all R-R scalars are associated to perturbative Peccei-Quinn sym- 
metries. 

Consider now some U{1) directions with constant internal magnetic field 
backgrounds. The corresponding gauge potential is ^ = {A^,Am), where 
A^ is the four-dimensional field, with fi = 0, . . . , 3, and Am describes the 
magnetic background potential given in section 13.11 In this case, the CS 
action simplifies and the interaction terms of the action l\H.l^ involving C2 
give rise to 

K 

Sint = -rry^Na dC2A ^{A'' A F«) , (8.3) 

where qIq = 4K^Q/a', F"" is the background field strength and Na is the 
number of branes in the a-th stack. We thus obtain a kinetic mixing term 
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between the axion fields Cmn and the U{1) gauge bosons ITn|: 



K 



(8.4) 



Sint = yZ^<^ I d!^^V9l Ayf'Cmn 9mnM F^l , 

4^10 a J Ma 

where QmnM is the metric on the cohomology H'^iT^), 

g{a,(3)H2=[ aA*(3, W a, (3 £ H'^{T^) . (8.5) 

In the configuration presented in sectional we introduced nine stacks of 
magnetized D9 branes, with constant field strengths on their world-volume 
given in Tables 1 and 2. From the kinetic mixing 1)8. 4|) . it is easy to see that 
precisely nine combinations of the axion fields Cmn are absorbed by the nine 
magnetized U{1) gauge fields and form massive gauge multiplets, together 
with the corresponding Kahler moduli. 

In fact, in the complex basis 1)2. 4|) . they are the nine R-R moduli with 
mixed indices c^j that get absorbed into the mass of the gauge fields. More 
precisely, the cohomology splits into the cohomology H^'^ H^'^ H^'^ 
and the metric 1)8. 5|) splits also in three terms corresponding to a metric gi 
on [ISI, 

«l A J A J 02 A J A J f 
gi{ai,a2) = - — , / , ^ , / aiAasAJ, (8.6) 

jrpd J A J A J JrpH 

a metric g2 on H^'^ and a metric g^ acting on their product as: 

g^(a,(3)= [ aA*/3, Va G //^'^(T*^) and /3 G //^.o^^^e^ ^ (g_7) 

Since the internal manifold has been fixed by the fiuxes to be a product of 
three orthogonal T^, the third part of the metric decomposition vanishes. 
Indeed, since the non vanishing elements of the metric are of mixed type, 
g^j, the Hodge star operation maps (2,0)-forms into (l,3)-forms. It follows 
that the wedge product a A-kf5 is zero. Moreover, the vacuum configuration 
requires a vanishing purely holomorphic field strength = and, thus, 
the metric 52 is irrelevant. Therefore, by the form of the mixing ()8.4() . only 
the R-R moduli that are elements of the cohomology H^'^ are absorbed into 
the mass terms of the f/(l) gauge fields. 

The purely holomorphic (and anti-holomorphic) part of the R-R 2-form 
can not be absorbed into the U{1) mass terms. They enter however in the 
complex structure moduli. Indeed, the latter are parametrized by the matrix 
r which has nine complex entries. Only six of them correspond to the purely 
(anti-) holomorphic variation of the metric (Sg^j) 6gij. The remaining three 
complex elements correspond to the (anti-) holomorphic variation of the RR 
2-form {Scij) 6cij, which is a peculiarity of the toroidal compactification pp. 
These are therefore fixed by the conditions (|5.17j) or equivalently As 
a result, all R-R moduli are also stabilized by our choice of magnetic fiuxes. 
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9 Generalizations and concluding remarks 



In this section, we discuss the generaUzation of the method presented above 
to stabihze moduh in type I string compactifications preserving N = 1 
supersymmetry in four dimensions, such as orbifolds and Calabi-Yau man- 
ifolds. An immediate problem that arises in compactifications with strict 
SU{3) holonomy is that the only cohomology which exists is that of 3-forms 
H^'^ and H^'^, as well as the one of 2- forms H^'^. In other words, the coho- 
mology H^'^ is trivial. One could then naively conclude that the condition 
1)5. 17(1 is trivially satisfied and, thus, the complex structure moduli cannot 
be fixed. 

One possibility to overcome this difficulty is to combine the above mech- 
anism with the presence of NS-NS and R-R 3- form fluxes, that fix precisely 
the complex structure moduli and the dilaton, but not the Kahler class. The 
latter can be fixed by turning on internal magnetic fields on the D9 branes, 
leading to the condition (|5.18|) . or equivalently to 1)5. 2U() . The two mecha- 
nisms are therefore complementary. Of course, in = 1 compactifications 
with holonomy different than SU{3), such as SU{2) times a discrete group 
factor, the cohomology H^'^ is in general non-trivial and magnetic fluxes 
on holomorphic 2-cycles can be used to fix (at least part of) the complex 
structure moduli. This is for instance the case of Enrique surfaces in M = 2 
compactifications with vanishing Euler number jl9|. 

On the other hand, below we point out that the above conclusion is 
naive and our method can be used to fix the complex structure, even in 
compactifications with SU{3) holonomy and trivial H^'^ cohomology. The 
reason is that despite the absence of four-dimensional zero modes for the in- 
ternal components of gauge fields, that transform non-trivially under SU{3) 
holonomy, one is still allowed to turn on (discrete) internal magnetic fields 
that are invariant under the holonomy group. 

To illustrate this point, we consider for simplicity a M = 2 supersym- 

metric example of the orbifold compactification x T^/Z2 (SOI- Let us 

denote the complex coordinate on by zi, and those on by Za, with 

a = 2, 3. The Z2-orbifold acts on the coordinates as a parity operation on 
2^4. 

Z2 : Z2 ^ -Z2 , Z3 -Z3 . (9.1) 

The dimension of the untwisted moduli space is therefore reduced. Only five 
untwisted complex structure moduli remain, which are denoted, following 
the notation 1)2. 4|) . by: 

ni , Tab ; a,b = 2,3. (9.2) 

Similarly, the dimension of the untwisted Kahler class moduli is reduced 
to five. Moreover, the purely holomorphic 2-forms of the type dz^ A dz" 
are projected out by the orbifold action. The only remaining holomorphic 
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2-form is dz'^ A dz^. The massless open string spectrum on the D9 branes 
consists of a = 2 vector multiplet of the gauge group U{16) and of hyper- 
multiplets transforming under the antisymmetric representation 120 + 120. 
The (complex) scalar components of the vector multiplets correspond to Af, 
where A is the gauge potential and the superscript e denotes the U{16) Z2- 
invariant (even) generators of the ten-dimensional SO{32) gauge group. On 
the contrary, the Z2 action on the group index o of the two complex scalars 
A^ of the hypermultiplets, is odd. 

For a purely holomorphic field strength to survive the orbifold projection, 
its components 

F12 = %A2] , Fi3 = 9[i^3] , F23 = ^[2^3], (9.3) 

must have an even Z2-parity. It follows that F12 and F13 should involve 
internal derivatives of the gauge potential A° along the broken generators 
of the 50 (32), transforming as the hypermultiplets in the antisymmetric 
representation of C/(16): 

F12 = , Fi3 = . (9.4) 

Thus, even if there is only one (2,0)-form dz'^ A dz^ invariant under the 
Z2-orbifold parity, all three internal components of F2fl survive the orbifold 
action. In fact, following our analysis of section IHl they are all needed in 
order to fix the complex structure moduli. 

In conclusion, in this work we have shown that the Kahler class and 
complex structure moduli of type I string compactifications can be fixed 
by a suitable choice of internal magnetic fields, in vacua preserving J\f = 1 
supersymmetry in four dimensions. Moreover, the moduli can be fixed at 
arbitrarily large values by tuning the rational quantized fluxes. In contrast to 
other stabilization mechanisms based on 3-form fluxes from the closed string 
sector, this method has an exact string description and, thus, a validity 
beyond the low-energy supergravity approximation. An open problem is 
that the dilaton remains undetermined, consistently with the perturbative 
nature of the mechanism. To fix the dilaton, one possibility is obviously 
to turn on at the same time closed string 3-form fluxes, or alternatively to 
use non-perturbative effects, such as multiple gaugino condensation in the 
unbroken gauge group sector |2Tj. 

A different direction is to study moduli stabilization in vacua with bro- 
ken supersymmetry using a straightforward extension of the mechanism we 
described in this work. It is also interesting to apply this approach in semi- 
realistic string models using explicit constructions of intersecting D-brane 
configurations, that are related by T-duality to compactifications in the 
presence of internal magnetic fields. 
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A Example of consistent moduli stabilization 

In this appendix, we give a numerical example of D9 brane magnetic flux 
configuration allowing for a consistent stabilization of the complex structure 
and Kahler class moduli of the toroidal type I string compactification. 
The fluxes to which the stacks jJ7 to (19 couple are 

(m^^n^) = {(-2,1), (0,1), (1,1)} 
(^8^„8) ^ {(-1,1),(1,1),(-1,1)} 

(m9,n9) = {(0,1), (-1,1), (2,1)} 
From equation 1)6. 12() . we get 



(An^a'f 111. (A.l) 





Thus, our choice of fluxes fixes the Kahler moduli (Ji, J2, J3) to the values: 
{Ji, J2, Js) = ^TT^a' ^2^2, ^, V2^ . (A.2) 

Moreover, if these stacks contain = = 2 and Ng = 1 branes, the 
induced 5-brane tadpoles in the 2-cycles are: 

iQ[xj,yi],q[x2,y2]^Qlx3,y3]) = (-4,-2,-2). (A.3) 

Following the tadpole cancellation condition 1)5. 35() . the above R-R charges 
have to be cancelled by the charges induced by the first six stacks of branes. 
From the positivity condition 1)6. 22() and our orientation choice ()2.1() . all signs 
JCrst l|5.29)) involved in the fluxes of the first six brane stacks are negative, 
and thus the winding numbers n", for a = 1, . . . , 6, should be chosen nega- 
tive, as well. Here, we consider the following choice for the corresponding 
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fluxes: 



\\"''Xiy2 


„1 

xiy2 


/' \"''x2yi 


„1 \ 

x2yiJ 


' ^^X'iys 


„1 U 

"'xsy-iJi 
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— 1 
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)) i^xsyi 


X3y\) 


5 (.^X2y2 
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-1 




X1X2 
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= {(1, 




-1 
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X2X3 
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) \^xiyi 
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= {(1, 




-1 
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X1X3 


)' ^^yiVi 


''yiVi' 


) i^X2y2 




= {(1, 




-1 




"'X2y3 


)i (.^X3y2 


) 

X3y2) 


1 ("^xi?;i 


'^xiyi)} 


= {(1, 




-1 



(0, 
(0, 
(0, 
(0, 
(0, 
(0, 



■1)} 
-1)} 
■1)} 
■1)} 
-1)} 
-1)} 



This choice satisfies the consistency conditions 1)6. ISp . (|6.16() and H6.6|) . as 
all fca = 1 for a = 1,...,6. The complex structure is then fixed to the 
imaginary diagonal matrix (|(i.2j) with 



(-rii,r22,r33) = i(l, 1, 1) 



(A.4) 



We have therefore found a D9 brane magnetic background which fixes 
the geometry of the torus to be a product of three square torii with radii 
R2i—i = R2ii i — 172,3, given by (foil . Let us now choose the number of 
branes in each of the first six stacks in order to cancel the charges induced 
by the last three stacks 7, 8 and 9. We take N4 = Nq = 2, and Ni = N2 = 
-^3 = -^5 = 1) so that the induced 5-brane charges ()7.5|) on the three 2-cycles 
are: 

{Q[xuyi],q[x2,y2]^1[x3,y3]) = (4,2,2), (A.5) 
which cancel exactly the charges (|A.3|) . On the other hand, the contribution 
to the D9 brane tadpole is: 



9 

E 

a=l 



13. 



(A.6) 



rst 



implying that we have to add 3 additional non-magnetized D9 branes (and 
their images), in order to satisfy eq. (|5.32|) . 



B Moduli stabilizator! with 2 large dimensions 

We want now to find an appropriate rescaling of the solution in the example 
shown in the previous appendix in order to induce a large volume hierarchy 
(compared to a'). Following the reasoning of section[71 as an illustration, we 
are interested in triggering two large dimensions. To do that, we rescale the 
component [0:3 , 2/3] of the fluxes HA.1|) by a factor A = A'^^ , for some integer 
N. The system of conditions on the Kahler moduli then reads: 

-2 \ f 44 \ / \ 

-1 1 -N^ \\ 44 = (47r2a')' , (B.l) 

-1 2Ar2 / \ J^AjA j \ / 
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with solution: 



= 47r2«' (2V2, ^, V2nA . (B.2) 



The induced 5-brane charges ()5.33|) in the different 2-cycles are 

{Qlxi,yi],q[x2,y2]'q[xs,y3]) = (-4A^^ -2iV^ -2) , (B.3) 

for the same brane stack multiplicities we used in Appendix A. 

Let us now find a flux configuration in the first six brane stacks in a 
way to cancel these charges, and such that the complex structure moduli r 
remain at the value: 

(rii,r22,r33) =i(l,l,l). (B.4) 

This can be achieved by choosing the ratios of fluxes equal to one, ka = 1, 
a = 1, . . . , 6. These stacks induce then six dimensional charges given by: 







'^[x2,y2\ 


K 







^ 1{jTlx2X3) ~l~ 2(?TT.X2?;3) 

m|i)^ + (^|ix3)^ I- (B.5) 

'n^xiy2) + {1^x1X2) 



E 

a=l 

They are all positive and can cancel the tadpoles of ()B.3|) by choosing: 

= mlfy^ = ml'X = ml'^'-y, = N . (B.6) 

With this choice of configuration, the geometry of the internal space is fixed 
to a product of three square torii with radii R2i-i = R2i, and 

Rl = 2V2a' , Rl = , Rl = V2N^a' . (B.7) 
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